Abstract. This paper is devoted to the study of the conformal spectrum (and more precisely the first eigenvalue) of the LaplaceBeltrami operator on a smooth connected compact Riemannian surface without boundary, endowed with a conformal class. We give a constructive proof of a critical metric which is smooth except at some conical singularities and maximizes the first eigenvalue in the conformal class of the background metric. We also prove that the map associating a finite number of eigenvectors of the maximizing λ 1 into the sphere is harmonic, establishing a link between conformal spectrum and harmonic maps.
Introduction
Let (M, g) be a smooth connected compact Riemannian surface without boundary. In this paper, we construct a map from the manifold M into the sphere by means of eigenvectors of the first eigenvalue of the Laplace-Beltrami on (M,g) whereg is conformal to g and maximizes the first eigenvalue of the Laplace-Beltrami operator. More precisely, denote by A g (M) the area of the surface (M, g) and denote ∆ g the Laplace-Beltrami operator on (M, g). The spectrum of −∆ g consists in the sequence {λ k (g)} k≥0 and satisfies λ 0 (g) = 0 < λ 1 (g) ≤ λ 2 (g) ≤ ... ≤ λ k (g) ≤ ...
1
If we assume that the area A g (M) is normalized by one then by the fundamental result of Korevaar (see [Kor93] and also [YY80] ), it follows that every λ k (g) for a given k ≥ 0 has a universal bound depending on the topological type of M over all the metrics g with normalized area.
More precisely, denote
where the supremum is taken over all smooth Riemannian metrics g on the manifold M. It is a well-known result that Λ(M) < ∞ and it has been proved in [YY80] that for an orientable surface of genus γ, we have (see also [Kor93] ) Λ(M) ≤ 8π(γ + 1).
This allows to define a topological spectrum on M for −∆ g by taking upper bounds of the eigenvalues λ 1 . In the last years, several works have been devoted to explicit computations of the quantity Λ(M). For a surface of genus zero, Hersch (see [Her70] ) proved that Λ(S 2 ) = 8π.
In the case of non-orientable surfaces, Li and Yau [LY82] proved the following equality Λ(RP 2 ) = 12π
and as far as the quantity Λ(M) is concerned, one of the author (see [Nad96] ) proved that
A result of Yang and Yau [YY80] ensures that
for any surface of arbitrary genus γ and [.] in the right hand side stands for the integer part. As far as the Klein bottle is concerned, we refer the reader to [JNP06] and [ESGJ06] .
The above discussion gives rise to two related problems: to obtain precise upper bound for Λ(M) depending on the genus of the surface; to obtain a sharp bound for λ 1 in a given conformal class of the surface. Obviously any progress on each of these two problems gives information on the other one.
Before dwelling much into topological spectrum, we define Definition 1.1. A smooth connected compact Riemannian manifold (M, g) is called a λ 1 −maximal manifold if the metric g realizes the supremum in Λ(M).
Remark 1.2. Note that, following [ESI00a] , an extremal metric for the first eigenvalue is a critical point g 0 of the functional λ 1 , i.e. for any analytic deformation g t of the Riemannian metric g 0 in the class of metrics of fixed volume, we have
For instance, in Hersch's result (see [Her70] ), S 2 endowed with a round metric is actually λ 1 −maximal. Similarly, RP 2 with its standard metric is λ 1 −maximal (see [LY82] ) and the flat equilateral torus is the only λ 1 −maximal torus (see [Nad96] ). This latter fact induces some consequences on the Berger's isoperimetric problem (see [Ber73, Nad96] ). On the other hand, an isometric immersion ϕ from (M, g) in the sphere is a minimal immersion if and only if it satisfies
If λ is the first eigenvalue of the laplacian then the manifold (M, g) is said to be λ 1 −minimal. For instance, any Riemannian irreducible homogeneous space is λ 1 −minimal. In [Nad96] , the first author proved the following result: any λ 1 −maximal Riemannian surface is λ 1 −minimal. This result has been generalized by El Soufi and Ilias to any dimension in [ESI00b] . The importance of maximal metrics in Riemannian geometry is related to λ 1 −minimality. The metric g on an n−dimensional manifold is λ 1 −minimal if the eigenspace U 1 (g) associated to the first non zero eigenvalue of the Laplace-Beltrami operator contains a family {u 1 , · · ·, u k } of eigenfunctions such that
It appears that the topological spectrum has deep connections with minimal submanifolds of Euclidean spheres. Indeed, by a well-known result of Takahashi (see [Tak66] ), there is equivalence between the two assertions: the map
is a minimal immersion from (M, g) into the Euclidean sphere S k−1 1 if and only if the metric g writes as (1).
The hardest question on the existence of a smooth, or at least sufficiently smooth, metric maximizing the first eigenvalue reminded open.
In a natural ramification of this problem, one can consider a topological spectrum under additional constraints of staying in the conformal class of the background metric. This leads to the so-called conformal spectrum. We defineΛ
where [g] is the conformal class of g. Recently, a lot of attention has been devoted to the conformal spectrum on surfaces. For instance, isoperimetric inequalities have been obtained in [CES03, ESIR99] in a conformal class context. Li and Yau (see [LY82] ) also discovered a bound between the conformal spectrum (the first eigenvalue) and the conformal volume. The following important inequality was proved in [CES03] ,Λ ≥ 8π.
The central purpose of the present paper is to establish a link between the conformal spectrum and the harmonic maps of the surface into the Euclidean spheres. We prove the existence of an extremalizing metric forΛ(M) and provide its regularity.
Our construction is rather explicit in the sense that it is based on an approximation procedure. We prove that there exists a smooth, up to a finite discrete set of points on M , metric in the conformal class g ′ ∈ [g] such that it maximizes λ 1 (g ′ ). This provides in a twodimensional framework a quite complete picture by considering the map generated by several eigenfunctions of the extremalizing metric.
We would like also to mention a recent preprint by Kokarev [?] devoted to similar problems. The results of Kokarev are somehow complementary of ours, though there is no direct overlapping.
Notations and results
Let (M, g) be a two-dimensional Riemannian manifold. In local coordinates (x i , y i ), the metric writes g = g ij dx i dy j and the LaplaceBeltrami operator has the form
where we have used the usual convention of repeated indexes and g ij = (g ij ) −1 , |g| = det(g ij ). We now drop the notation A g (M) to call it A g . We denote by λ 1 (g) the first non-zero eigenvalue of ∆ g and we have
where R M,g (u) is the so-called Rayleigh quotient given by
and the infimum is taken over the space
Due to the scaling property of the first eigenvalue under a metric change cg, it is natural to introduce a normalization for the metric and we denote by A(g) the set of all metrics on M satisfying A g (M) = 1. We then consider on M the class [g] of metrics conformal to g in A(g), i.e.
Remark 2.1. Notice that in the previous definition, we do not make any a priori assumption on the regularity of the map µ, except of its summability.
In dimension 2, the Laplace-Beltrami operator is conformally covariant in the following sense: if g ′ ∈ [g] and g ′ = µg, we have
and the surface element is conformally changed by the law
We are interested in studying the analogous of the quantity Λ(M) previously defined in the context of conformal metrics, i.e.
We state now our results. We first prove an existence and regularity result on the maximizing metric.
Theorem 2.1. Let (M, g) be a smooth connected compact boundaryless Riemannian surface. Assume thatΛ(M) > 8π. Then there exists a metric g ∈ [g], g = µg, where µ is a smooth function positive outside a finite number of points, such that the metric g extremalizes the first eigenvalue in the conformal class of g, i.e.
(2) λ 1 (g) = sup
Theorem 2.1 implies the following characterization of the metric.
Theorem 2.2. Let (M, g) be the Riemannian manifold endowed with the maximizing metric g. Denote U 1 (g) the eigenspace associated to λ 1 (g). Then there exists a family of eigenvectors {u 1 , · · ·, u ℓ } ⊂ U 1 (g) such that the map
is a harmonic map into the sphere S ℓ−1 .
Before quoting a corollary of the previous theorem, we define Definition 2.2. A conical singularity at p ∈ M is the following: there exists a neighborhood U of p in M such that U is asymptotically diffeomorphic to a cone.
The previous theorem admits the following corollary. 
is a minimal conformal immersion into the sphere S ℓ−1 .
Proof. By Theorem 2.1 there exists a metric
Since by our assumptionΛ(M, [g]) = Λ(M) the metric g extremalized λ 1 also with respect to variations of the conformal class of the metric. Hence by the result of [Nad96] the corollary follows (see also [CES03] ).
The proofs of the previous theorems rely on a careful analysis of a Schrödinger type operator. Indeed consider g ′ ∈ [g], by conformal covariance, the equation −∆ g ′ u = λ 1 (g ′ )u reduces to the following system
We cannot assume from the beginning that the extremalizing metric µ g belongs to the smooth category but instead we will prove that this is the case up to a finite number of conical singularities. The strategy of the proof is the following:
(1) We first regularize the problem by considering an extremalizing sequence of densities {µ N } N in a space of probability measures with bounded densities and of indefinite sign. (2) We then prove a priori regularity results on the extremal metric. (3) We then pass to the limit. As previously mentioned, the proof of Theorems 2.1 and 2.2 go by an approximation procedure together with careful estimates on the "bad" sets where the density µ might have some inappropriate behaviour.
Construction of an extremalizing sequence of metrics
This section is devoted to the construction of an extremalizing sequence of metrics for problem (5). To do so, we perform a regularization by considering it as limit of bounded densities. More precisely, denote by S N the class of densities µ such that − 1 2 ≤ µ ≤ N, M µdA g = 1 and λ 1 (µg) satisfies The Schrödinger equation in (5). Introduce the following quantity for N > 0
The following result is standard (see [LY82, YY80] ) and relies on a compactness argument. We denote M(M) the set of Radon measures on the manifold M.
Proposition 3.1. For any given N > 0, there exists a sequence {µ k,N } k≥0 such that
Of course, the previous proposition relies on the universal bounds for the first non zero eigenvalue in conformal classes discovered by Li and Yau (see [LY82] ). The whole point by now is to pass to the limit N → +∞ and to prove that the limit obtained this way is indeed a nonnegative density, with sufficient regularity. This amounts to control the two following subsets of M
3.1. Measure estimates. We have first the following easy lemma.
Lemma 3.2. There exists a constant C > 0 such that
Proof. The density µ N g is of area one, i.e.
We then have since
gives the desired result.
We now come to the measure estimate of the set E N − . We have the following general lemma in the plane. 
where h satisfies the inequalities h < N on E, h < −1/N on B(0, 1)\E. By the previous lemma, we deduce that the eigenvalue of (7) is negative. Let v be a solution of inequality (6). Consider the Dirichlet problem
where h ∈ L ∞ (M) satisfies the inequalities of Lemma 3.3. By Lemma 3.5, it follows that for sufficiently small ǫ > 0 the Dirichlet problem (8) has a unique solution u > 0 in B(0, 1).
We introduce the Green function (with pole at 0) in B(0, 1) There exists δ > 0 such that for sufficiently small ǫ > 0 we will have the inequality
wds.
By Lemma 3.4, for any δ > 0 there is a constant C = C(N, δ) > 0 such that
uds. 
and v > 0 in B(x, r) be a solution in B(x, r) of the following differential inequality
where h satisfies the inequalities h < N on E, h < −1/N on B(x, r)\E,
Remark 3.8. As a function q one can take the jacobian of a conformal map of B(x, r) on the unit disk on the plane.
Lemma 3.9. LetÊ be the set
Proof. We argue by contradiction and assume that
Denote E = M\Ê and Σ the set of Lebesgue points of E. For each x ∈ Σ denote byB x the disk centered at x such that
Let G = G x ⊂ B x be the set defined in Lemma 3.7. Define in B(x, r)the quantity g ′ = qg,
where χ(A) is the characteristic function of the set A. We introduce the following integral operator T :
T :
The operator T preserves the L 1 norm of positive functions on M,
Consider h ∈ L 1 (M), such that h ≥ 0, M h = 1 . As a consequence for any n ≥ 1, we have
Then the sequence {T n (h)dA g } n is a sequence of probability measures which contains a subsequence of measures weakly converging to a measure h * . Let u be a solution of (5) with µ = µ N /2. Then the function v = u 2 satisfies the inequality (13) in B(x, r). Hence for x ∈ Σ we have the inequality by Lemma 3.7,
Thus it follows that the measure h * is supported on M \ Σ and
Since solutions of (5) are uniformly continuous functions, it follows that we can approximate the measure h * by a function s ∈ L ∞ such that s ≥ 0 , has support on M \ Σ,
Setting µ N = µ N + (A g (G))p, we have for N large enough
and the mesureμ N is admissible. On the other hand, we have
Lemma 3.10. For any N, we have
This gives the desired result.
3.2. Control of the eigenfunctions. We start with the following general lemma.
Then there existsq ∈ Q such that (1)q ≡ 1 on M\E (2) Mq ≤ 1.
Proof.
Denote by E the convex set
The claim of the theorem amounts to prove that
Assume that this is not the case, i.e. (K + 1) E = ∅. Since E and K + 1 are two closed convex sets in L 2 (M), by Hahn-Banach theorem, there exists a hyperplane H separating E from K + 1. Let n be a normal vector to the hyperplane H. We claim that n satisfies the three following properties
• M n = 0.
• n ≥ 0 on E.
• For all q ∈ Q, we have M qn < 0.
Therefore, it contradicts the assumptions of the theorem, hence the result. The first point of the claim comes form the construction of n.
For the second and third points of the claim, it suffices to notice that, from standard convex analysis, n belongs to the polar cone of K + 1, i.e.
In our context, the previous lemma admits the following corollary.
Corollary 3.12. Denoteḡ N = µ N g. Let U 1 (ḡ N ) be the eigenspace associated to λ 1 , i.e. the set of functions satisfying
Then there exists an orthogonal family u
Proof. First notice that Aḡ N (M) = 1. We denotê
Let Q be the convex enveloppe of the coneQ.
To be able to apply the previous lemma, we just need to check that for all ϕ ∈ L 2 (M) such that M ϕ = 0 and ϕ ≥ 0 on E N , there exists q ∈Q such that M ϕq ≥ 0.
Assume the contrary, i.e. there existsφ ∈ L 2 (M) such that Mφ = 0, ϕ ≤ 0 on E N and for all q ∈Q, Mφ q < 0. We perturb the potential µ N byφ and denoteμ N = µ N + εφ. Therefore, on E N , sinceφ ≤ 0 we havẽ
andμ N is an admissible potential. We claim that if ε is small enough, we have that
hence a contradiction with the extremality of µ N . Indeed, we have that
By assumption onφ, we have that
Regularity a priori of limiting densities
We prove here some a priori regularity for the limiting density µ N previously introduced. We introduce the following definition.
Definition 4.1. Let G ⊂ F be two open subsets of M. Then we denote Cap F (G) de capacity of G with respect to F as follows:
Note that the capacity is of course a subadditive function on the sets G and can be define alternatively as following:
Denote by u f is a solution of the Dirichlet problem, ∆u f = −f in F , u = 0 on ∂F . Then Definition 4.2.
The following result will be useful.
There exists a partition of unity {ϕ i } i∈I of D 1 such that ϕ are smooth, 0 ≤ ϕ ≤ 1, i∈I ϕ i ≡ 1 and the diameter of every Supp(ϕ i ) is less than R > 0 fixed arbitrary. Furthermore, for every point z ∈ D 1 , there are at most 5 (say) functions of {ϕ i } i∈I such that ϕ i (z) = 0 and for each i ∈ I ϕ i H 1 ≤ C, where constant C, since the Dirichlet integral is independent under dilations, can be choosen independent on R. We assume without loss of generality that K is sufficiently large such that K > C. There exists δ 0 = δ 0 (R) > 0, such that for every δ < δ 0 , we have
Let P y be the Green function with pole at y of the Laplace operator on D 1 . Since
we have for small R > 0,
for which the support of each function has intersection with D 1/2 . We can assume that for i = 1, .., m
R is a collection of disks of radius R. Denote
Therefore, we have
We want to estimate the capacity of the sets E i . Notice first that
Let y ∈ D 
By subadditivity of the capacity
and then
and the result follows by choosing R small enough and correspondingly small δ 0 (R), such that
First we exclude that the limiting density blows up to a point. The following result was proved by A. Girouard in [Gir09] but for the convenience of the reader we give some details. Let µ be the weak limit of µ N on (M, g). (1−|e| 2 )x−(1−2e·x+|x| 2 )e 1−2e·x+|e| 2 |x| 2 is conformal and satisfies the orthogonality conditions for i = 1, 2, 3
where x i are coordinate functions in R 3 . Once can find this result, often refered as Hersch result, in [Her70] and [SY94] .
Consider now the following metric on S 2 g N = σ * eg N , for which the following orthogonality conditions hold
One can assume without loss of generality that the metricĝ N is conformally equivalent to the standard metric and then
The following lemma shows that the Moebius map allows to shrink the complement of the image under f of the singularity to a point.
Lemma 4.5. There exists
where distĝ N is the Hausdorff distance between sets induced by the metric on (S 2 ,ĝ N ).
Proof. This follows from the explicit expression of σ e , the orthogonality conditions and the fact that µ N concentrates on x 0 .
Lemma 4.6. For all δ > 0, there exists a smooth function ψ supported in f −1 (D) such that
Proof. Fix ε > 0. Let ϕ be a capacitory function on the sphere S 2 with support on a disk of small radius around x 1 , such that
Consider now the optimal functionφ N for the Rayleigh quotient R S 2 ,ĝ N . By one of Hersch's results (see [Her70] ), we have
Consider now the test function
whereε is such that S 2 ψdAĝ N = 0. Therefore, by the previous lemma: for all δ > 0,
Lifting the function ψ on M we get a contradiction .
Lemma 4.7. For any ε > 0, there exists δ > 0 such that if cap(E) < δ then E µdA g < ε for any E ⊂ M.
Proof. If there were not true, by Theorem 4.4, there are two closed subsets E 1 ⊂ E ⊂ M and E 2 ⊂⊂ E ⊂ M and ε > 0 such that for all δ > 0
µ dA g ≥ ε and cap M (E 1 ) < δ, cap M (E 2 ) < δ. DenotingẼ 1 ,Ẽ 2 , two dist(E 1 , E 2 )/2− neighborhoods of E 1 and E 2 , we have by the definition of the capacity: there exists functions
On the other hand, by the weak convergence of the sequence µ N , we have for i = 1, 2
This gives that lim
The previous lemma has the following corollaries.
Then vµ is a Radon measure on M.
Corollary 4.9. For any ε > 0, there exists δ > 0 such that if v ∈ H 1 (M), |v| < 1 and ||v|| H 1 < δ , then M |vµ|dA g < ǫ.
Proofs of Theorems 2.1 and 2.2
We now reach the conclusions of our Theorems 2.1 and 2.2, since we have all the ingredients to control the weak limit of the sequence µ N . We have up to extraction of subsequences
Λ N →Λ Furthermore, the limiting density µ satisfies µ > 0 on a.e. in M The last statement follows from the continuity in weak topology of the first eigenvalue with respect to the metric. The next theorem is a direct consequence of Lemma 4.3.
Theorem 5.1. Let {u n } n≥0 be a sequence in H 1 (M) weakly converging to a function u ∈ H 1 (M). Then for all ε > there exists a set Ω ⊂ M such that
• Cap M (Ω) < ε.
• There exists a subsequence {u n k } k≥0 such that
Proof. Consider the sequence of functions v n := u n − u. We have v n bounded in H 1 (M) and weakly converging to 0 in H 1 (M). By Sobolev embedding, up to an extraction, the sequence v n converges strongly in L 2 (M). We introduce for fixed N > 0
By Lemma 4.3, we have that Cap(Ω N n ) is arbitrary small as n → +∞ and the conclusion follows.
The next lemma ensures that the functions u i are eigenfunctions of the extremalΛ 1 . 
It follows that
|u i | ≤ 1. Hence from Corollary 4.9 it follows that we can pass to the limit in the last identity as k → ∞ and get the desired result.
As a corollary of Lemma 5.1 we have Corollary 5.2. The following equality holds in the sense of distributions:
−∆u i =Λ 1 µu i i = 1, ..., ℓ.
It just a bit more than a formal computation to get the following lemma Lemma 5.3. The following equality holds in the sense of distributions:
.., ℓ. Proof. It will be sufficiently to prove that the identity holds on any small subdomain of M. Thus without loss we may assume that the function u i defined in a disk on the plane and ∆ is the Laplacian on the plane.
Let a(x) ∈ C(R 2 ), a ≥ 0, a supported by a unit disk and adx = 1.
Set a t (x) = 1 t 2 a( x t ) (such that its integral is 1), u t = u i * a t . Then u t → u i in H 1 , |∇u t | 2 → |∇u i | 2 in L 1 and weakly, ∆u 2 t → ∆u 2 i weakly, a t * µu i → µu i weakly. Thus u t (a t * µu i ) → µu 2 i weakly. Since ∆u 2 t = 2|∇u t | 2 +2u t ∆u t = 2|∇u t | 2 −2u t (a t * ∆u i ) = 2|∇u t | 2 −2u t (a t * µu i ), passing to the limit as t → 0 we finish the proof.
From Lemma 3.2 and Corollary 3.12 it follows that 
